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Abstract. In this paper, we will consider the free probability theory of free 
group factor L(Fn), where F k is the free group with fc-generators. We compute 
the moment series and the R- transform of the generating operator, T = g± + 
•■■ +9N +9i L + ■■ +9M 1 - 



Voiculescu developed Free Probability Theory. Here, the classical concept of In- 
dependence in Probability theory is replaced by a noncommutative analogue called 
Freeness (See [9]). There are two approaches to study Free Probability Theory. One 
of them is the original analytic approach of Voiculescu and the other one is the com- 
binatorial approach of Speicher and Nica (See [1], [2] and [3]).Speicher defined the 

free cumulants which are the main objects in Combinatorial approach of Free Prob- 
ability Theory. And he developed free probability theory by using Combinatorics 
and Lattice theory on collections of noncrossing partitions (See [3]). Also, Spe- 
icher considered the operator-valued free probability theory, which is also defined 
and observed analytically by Voiculescu, when C is replaced to an arbitrary alge- 
bra B (See [1]). Nica defined R-transforms of several random variables (See [2]). 
He defined these R-transforms as multivariable formal series in noncommutative 
several indeterminants. To observe the R-transform, the Mobius Inversion under 
the embedding of lattices plays a key role (See [1], [3], [5], [12]). In [12], we observed 
the amalgamated R-transform calculus. Actually, amalgamated R-transforms are 
defined originally by Voiculescu (See [10]) and are characterized combinatorially by 
Speicher (See [1]). In [12], we defined amalgamated R-transforms slightly differ- 
ently from those defined in [1] and [10]. We defined them as B-formal series and 
tried to characterize, like in [2] and [3]. In [13], we observed the compatibility of 
a noncommutative probability space and an amalgamated noncommutative prob- 
ability space over an unital algebra. In [14], we found the amalgamated moment 
series, the amalgamated R-transform and the scalar-valued moment series and the 
scalar- valued R-transform of the generating operator of C[F 2 ] *c[Fi] Cf-Fa], 

a + b + a" 1 + b^ 1 + c + d + cr 1 + cT 1 

where < a,b > = F 2 = < c, d > . The moment series and R-transforms (operator- 
valued or scalar-valued) of the above generating operator is determined by the 
recurrence relations. In this paper, by using one of the recurrence relation found 
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in [14], we will consider the moment series and the R-transform of the ganarating 
operator of L(Fn), 

G = gi + ... + g N + gi 1 + ■■■ + g^ 1 & L(F N ), 
where F N = < g x , g N >, for JVeN. 



1. Preliminaries 



Let A be a von Neumann algebra and let r : A — > C be the normalized faithful 
trace. Then we call the algebraic pair (A, t), the W* -probability space and we 
call elements in (A,t), random variables. Define the collection Q s , consists of 
all formal series without the constant terms in noncommutative indeterminants 
z\,...,z s (s G N). Then we can regard the moment series of random variables 
and R-transforms of random variables as elements of O s . In fact, for any element 
/ G a , there exists (some) noncommutative probability space (A, r) and random 
variables x\, ...,x a G (A,t) such that 

f(zi,...,Z s ) = Rxi,...,x 3 ( Z ~L )•••■> z s) j 

where R Xl ,...,x s is the R-transform of x\, ...,x s , by Nica and Speicher. 

Definition 1.1. Let (A,t) be a W* -probability space and let a\, a s G (A,t) be 
random variables (s G N). Define the moment series of di, ...,a s by 

M ait ... taw (z 1 ,...,z s ) =E^Li E i~(a il ...a in )z il ...Zi n e Q s . 

ii,...,i„e{l,...,s} 

Define the R-transform of oi, ...,a s by 

Rai,...,a B { z l i z s) — Xjt»=1 2 ^" ' ■' a in ) Z il ••• Z in ^ ®S" 

ii ,...,i„e{l,...,s} 

ylnd we say i/iai i/ie (ii, ...,i n )-th coefficient of M 0l) ... )0> and i/iai of R ai ,...,a s are 
the joint moment of ai, a s and i/ie jomt cumulant of ai, a s , respectively. 

By Speicher and Nica, we have that 

Proposition 1.1. ("See /i/, /£/ and /#/,) Le£ (A, r) &e a noncommutative probability 
space and let ai, ...,a s G (A, r) &e random variables. Then 
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k n (a^, ...,a in ) = J2 T ~x ( a h ' ■•■> a O M 7 ^ In)) 
TreJVC(n) 

w/iere NC{n) is the collection of all noncrossing partitions and fi is the Mobius 
function in the incidence algebra and where t v is the partition- dependent moment 
in the sense of Nica and Speicher (See [2] and [3]), for all (ii,--,i n ) G {l,...,s} n , 
neN. Equivalently, 

t (a ll ...a i J = K{a il ,...,a in ), 

TreNC(n) 

where k^ is the partition- dependent cumulant in the sense of Nica and Speicher, 
for all (i u ...,i n ) G {l,...,s}", n G N. □ 

The above combinatorial moment-cumulant relation is so-called the Mobius in- 
version. The R-transforms play a key role to study the freeness and the R-transform 
calculus is well-known (See [2] and [3]). 

Let if be a group and let L(H) be a group von Neumann algebra i.e 



L(H)=C[H] . 

Precisely, we can regard L(H) as a weak-closure of group algebra generated by 
H and hence 



L(H) = {J2t g g:geH} . 

It is well known that L(H) is a factor if and only if the given group H is ice. 
Since our object Fn is ice, the von Neumann group algebra L{Fm) is a factor. Now, 
define a trace t : L(H) — > C by 




= t eH , for all tg9, 
g eH 



where en is the identity of the group H. Then (L(H),t) is the (group) W*- 
tpobability space. Notice that L(Fn) is a Ili-factor under this trace t. Assume that 
the group H has its generators {gj : j G /}. We say that the operator 

the generating operator of L(H). 



Rest of this paper, we will consider the moment series and the R-transform of 
the generating operator G of L(Fjy). 
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2. The Moment Series of the Generating Operator G g L(F n ) 



In this chapter, we will consider free group Ili-factor, A de = te L(Fn), where Fk 
is a free group with /c-generators (k G N). i.e 

A={ E t fl $:* fl GC}. 
Recall that there is the canonical trace t : A — > C defined by 



T E *sS = *e, 

y 

where e G F/v is the identity of F N and hence e G L(F N ) is the unity l L ( fjv ). 
The algebraic pair (L(Fn),t) is a VF*-probability space. Let G be the generating 
operator of L(F N ). i.e 

G = 9i + ■■■ + 9n + Sf 1 + ••• + fliv 1 * 
where Fat = < gi, ...,gN > ■ It is known that if we denote X n = E w <= A f° r 

\w\—n 

all n G N, then 
(1.1) 

X 1 X 1 = X 2 + 2N-e (n = 1) 

and 

(1.2) 

XiX„ - X„+i + (2iV - l)X n _! (n > 2) 

(See [36]). 

In our case, we can regard our generating operator G as X\ in A. 
By using the relation (1.1) and (1.2), we can express G n in terms of X^s ; For 
example, G — X\, 

G 2 = X 1 X 1 = X 2 + 2N-e, 

G 3 = X 1 ■ X\ = X x (X 2 + (2N)e) = X X X 2 + (2N)X 1 

= X 3 + (2N - l)X x + (2N)X 1 = X 3 + ((2N - 1) + 2N) X u 



continuing 
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G 4 = X 4 + ((27V - 1) + (27V - 1) + 27V) X 2 + (27V) ((27V - 1) + (27V)) e, 
G 5 = X 5 + ((27V - 1) + (27V - 1) + (27V - 1) + 27V) X 3 

+ ((27V - 1) ((27V - 1) + (27V - 1) + (27V)) + (27V) ((27V - 1) + (27V))) X u 
G 6 =X 6 + ((27V - 1) + (27V - 1) + (27V - 1) + (27V - 1) + 27V) X 4 
+{(27V - 1) ((27V - 1) + (27V - 1) + (27V - 1) + (27V)) 

+ (27V - 1) ((27V - 1) + (27V - 1) + (27V)) 

+(27V-1)((27V-1) + (27V))}X 2 
+ (27V) ((27V - 1) ((27V - 1) + (27V - 1) + (27V))) + (27V)((27V - 1) + (27V))) e, 

etc. 

So, we can find a recurrence relation to get G n (n 6 N) with respect to X k s 
(k < n). Inductively, we have that G 2k ~ x and G 2k have their representations in 
terms of Xj 's as follows ; 

G 2k-1 = X 2k-1 = X2k _ ± + q f-_lX 2k ^ + qltlX 2k ^ + ... + ql k - 1 X 3 + q^X, 
and 

G 2k = X 2k = x 2k +p 2k _ 2 X 2k ^ 2 +p 2k _ A X 2k ^ + ...+p 2k X 2 +p 2k e, 
where k>2. Also, we have the following recurrence relation ; 

Proposition 2.1. Let's fix k e N \ {1}. Let q 2k ~ x and p 2k (i = 1, 3, 5, 2k- 1, .... 

andj = 0,2,4, ...,2k, ...) be given as before. If p 2 = 27V and qf = (27V - 1) + (27V) 2 , 
then we have the following recurrence relations ; 

(1) Let 

G 2k - 1 = X 2k _, + qf k Z\X 2k ^ + ... + qj k - 1 X 3 + qf^X,. 

Then 

G 2k = X 2k + ((27V - 1) + ql k k -_\) X 2k _ 2 + ((27V - 1)^ + fc 1 ) X 2k _ 4 
+ ((27V - l) q f k -_l + qf k z)) X 2k _ e + 
+... + ((27V - Vfqf- 1 + qf- 1 ) X 2 + (2N)q 2 1 k ' 1 e. 

i.e, 

pf k _ 2 = (2N-l) + q 2k k zl, 
p? k _ 4 = (27V -l)qltz\+qltzl, 

1 pf^{2N^l)ql k - 1 +q 2k - 1 

and 

pf = (2N)q 2k -\ 

(2) Let 

G 2k = X 2k + p 2k _ 2 X 2k - 2 + ... + p 2k X 2 + pfe. 

Then 
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G 2fe+1 = X 2k+1 + ((27V - 1) + pf k _ 2 ) X 2k -i + ((27V - l)pf k _ 2 +p 2 2 k k _ 4 ) X 2k ^ 
+ ((2N-l)pf k _ 4 +pf k _ 6 )X 2k _ 5 + 
+ ... + ((27V - l)pf x 3 + ((2N - l)pf+ P l k ) I,. 



i. e 



and 
□ 



<?2 2 K 


= (27V- 
= (27V- 


l)P2fc-2 + ? 3 2fc-4' 




= (27V- 






= (27V- 





Example 2.1. Suppose that N = 2. and Zet = 4 a«d = 3 + pi = 3 + 4 = 7. 
Put 

G 8 = X 8 + p|X 6 + p 8 Jf 4 + p|X 4 + pie. 
Then, by the previous proposition, we have that 

p| = 3 + 95 5 Pl = 3q 7 5 +Ql P 8 2 = 3ql + ll and pl = Aq\. 

Similarly, by the previous proposition, 

ql = 3+pl ql = 3p 6 4 +p e 2 and q\ = 3p e 2 + p%, 
p| = 3 + g|, p 6 2 = Zql + q\ and p% = 4gf, 

= 3 + p% and q\ = 3p| + p% , 

pj = 3 + qf and Po = Mi, 

and 

qf = 3+p 2 = 7. 
Therefore, combining all information, 

G 8 = X s + 22 X 6 + 202X 4 + 744 JV 2 + 1316 e. 

We have the following diagram with arrows which mean that 
// : (27V - 1) + [former term] 
\ : (27V - 1) • [former term] 
y : • + [former term] 

and 
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\\ : (2iV) • [former term]. 
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Recall that Nica and Spcicher denned the even random variable in a ^-probability 
space. Let (£?, to) be a ^-probability space, where To : B — > C is a linear functional 
satisfying that t (b*) = T (fo), for all b e B, and let b e (B,to) be a random 
variable. We say that the random variable b G (B,t ) is even if it is self-adjoint 
and it satisfies the following moment relation ; 

T o (b n ) — 0, whenever n is odd. 

In [12], we observed the amalgamated evenness and we showed that b G (B, t ) 
is even if and only if 

k n (b, ...,b) = 0, whenever n is odd. 
By the previous observation, we can get that 

Theorem 2.2. Let G G (A, t) be the generating operator. Then the moment series 
of G is 



t(G") = 

for all n G N. 



if n is odd 
Pg if n is even, 



Proof. Assume that n is odd. Then 
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G n = X n + qZ- 2 Xn-2 + ... + q$X 3 + q?X!. 

So, G n does not contain the e-terms. Therefore, 

r (G n ) =r(X n + ql_ 2 X n _ 2 + ... + q§X 3 + qfXi) = 0. 

Assume that n is even. Then 

G n = X n +pZ_ 2 X n _ 2 + ...+ P 2X 2 +p%e. 

So, we have that 

r(G n ) = t {X n +pl_ 2 X n - 2 + ...+pZX 2 +p$e) =p%. 



Remark that the n-th moments of the generating operator in (A, r) is totally 
depending on the recurrence relation. 

Corollary 2.3. Let G E (A, r) be the generating operator. Then G is even. □ 
Corollary 2.4. Let G E (A, r) be the generating operator. Then 

Proof. Since all odd moments of G vanish, coef n {Mq) — 0, for all odd integer n. 
By the previous theorem, we can get the result. | 



3. The R-transform of the Generating Operator of L(Fn) 



In this chapter, we will compute the R-transform of the generating operator G 
in (A, t) = (L(Fn), t) . We can get the R-transform by using the Mobius inversion, 
which we considered in Chapter 1. Notice that, by the evenness of G, we have that 
all od cumulants of G vanish, i.e, 
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k n I G, , G | =0, whenever n is odd. 

n— times 

This shows that the nonvanishing n-th coefficients of the R-transform of G, Rq, 
are all even coefficients. 



Theorem 3.1. Let G G (A, r) be the generating operator. Then Rg{ z ) — E^Li a 2n z 2n , 
in ©i, with 

a 2n = E E (Po-Pcf) MO, l2n), 

h.....,l p £2N,h + ...+l p =2nii£NC lu ... ilp (2n) V 7 

/or a// n G N, w/iere 

^,...,1,(2^ = {tt G iVG(2n) : V G tt ^ |F| = J,-, j = 1, ...,p}. 



Proof. By the evenness of G, all odd cumulants vanish (See [12]). Fix n G N, an 
even number. Then 



k n I G, G = E t>(G,...,G) /i(7r,l„) 

' v '/ 7r£zNC(n) 

n— times / 

= E t w (G,...,G) n{n, 1„) 
where 7VC(™e«) ( n ) = e JVC( n ) : tt does not contain odd blocks}, by [12] 



E X[r{G\ v \))^,l n ) 

weNC(. evenS >(n) \V£tt 



(2.1) 



weNC<- even )(n) VVGTT 



By [14], we have that 



NC (even Hn)= U iVG, 1; ... ;i » 

Zi,...,Z p G2N, ii+...+i P =n 



where |J is the disjoint union and 
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NC h ,...,i p (n) = {ne NC^ m \n) : V £ it O \V\ = I,, j = 1, ..,p}. 

(For instance, NC^^ (6) = ^2,2,2(6) U ^VC 2 , 4 (6) U NC 6 (6).) 
So, the formular (2.1) goes to 

E E (Po-Po) M(7T,ln)- I 

/i,...,i p e2N,h + ...+i P =n7reJVC !l ,...,, p (n) v 7 



Example 3.1. Let N = 2. Tften A = L(F 2 ) and G = a + 6 + a" 1 + 6 _1 , w/iere 
F 2 = < a, 6 > . Then 

k 4 (G,G,G,G) = £ (i^P§)M(T,l4)+pg 

7rGAfC 2 ,2(4) 
= -2(p2) 2 + p4 = _ 32 + 28 

= -4. 

and 

fc 6 (G,...,G) = E (j^P§) le) 

ire»C 2j 2. 2 (6) 

+ E (p8p$)MM6)+p§ 

TreWCs 4(6) 

= (2(^) 3 + 2(pg)3 + (pg)3 + (pg)3 + ( ^)3) 

+ |JVC 2l 4(6)|(pgpg(-l))+pg 
= 448 - 672 + 232 = 8. 
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